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GENERALIZED STRING TOPOLOGY OPERATIONS
KATE GRUHER AND PAOLO SALVATORE
Abstract. We show that the Chas-Sullivan loop product, a combination of
the Pontrjagin product on the fiber and intersection product on the base, makes
sense on the total space homology of any fiberwise monoid E over a closed
oriented manifold M . More generally the Thom spectrum E−TM is a ring
spectrum. Similarly a fiberwise module over E defines a module over E−TM .
Fiberwise monoids include adjoint bundles of principal bundles, and the con-
struction is natural with respect to maps of principal bundles. This naturality
implies homotopy invariance of the algebra structure on H∗(LM) arising from
the loop product. If M = BG is the infinite dimensional classifying space of
a compact Lie group, then we get a well-defined pro-ring spectrum, which we
define to be the string topology of BG. If E has a fiberwise action of the
little n-cubes operad then E−TM is an En-ring spectrum. This gives homol-
ogy operations combining Dyer-Lashof operations on the fiber and Steenrod
operations on the base. We give several examples where the new operations
give homological insight, borrowed from knot theory, complex geometry, gauge
theory, and homotopy theory.
1. Introduction
Let M be a smooth, closed, oriented manifold and let LM be its loop space.
Chas and Sullivan constructed in [4] new operations on the homology of LM . This
started a stream of ideas that now form a subject called “string topology.” The
construction of the main operation, the loop product, mixes the intersection product
on the homology of the manifold with the Pontrjagin product of its based loop space.
We show that this construction can be extended in many directions.
First of all, the product can be constructed on the homology of the total space
of any fiberwise monoid over a smooth, closed, oriented manifold. A fiberwise
monoid is a fiber bundle such that each fiber is a monoid and the product varies
continuously. Cohen and Jones defined in [8] a ring spectrum structure on the
Thom spectrum LM−TM which realizes the Chas-Sullivan product in homology,
where TM →M is the tangent bundle ofM and the virtual bundle −TM is pulled
back over LM via the evaluation ev : LM → M. The Cohen-Jones construction
can also be generalized to fiberwise monoids, yielding a ring spectrum. Hence we
describe a large class of ring spectra. Notice that this generalized construction
encompasses not only the Cohen-Jones ring spectrum structure on LM−TM but
also the ring spectrum structure on M−TM arising from Atiyah duality. Analogous
constructions work for fiberwise modules over fiberwise monoids.
Furthermore, we will construct homology operations on the total space homol-
ogy of a bundle over M with a fiberwise action of the little n-cubes operad. We
shall relate such operations to Steenrod operations on the base and Dyer-Lashof
The first author was supported by a National Defense Science and Engineering Graduate
Fellowship.
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operations on the fiber. The extended Cohen-Jones construction produces in this
setting En-ring spectra and modules over them.
Naturality properties for the extended Cohen-Jones construction for fiberwise
monoids will allow us to define the notion of the string topology of the classifying
space BG of a compact lie group G, which is closely related to the loop space
LBG. Since BG is not a finite-dimensional manifold, this is not covered by the
work of Chas-Sullivan or Cohen-Jones. Indeed, we will see that the string topology
structure does not appear on homology or on a ring spectrum, as in Chas-Sullivan
and Cohen-Jones, but rather on pro-homology and a pro-ring spectrum, which are
inverse systems of the structures arising from submanifolds of BG. Throughout
this construction we will utilize the fact that LBG is homotopy equivalent to the
adjoint bundle of the universal principal G bundle, EG.
The naturality properties of the extended Cohen-Jones construction also yield a
fairly elementary proof that if f : M1 →M2 is a homotopy equivalence of smooth,
closed, oriented manifolds, then Lf∗ : H∗(LM1)→ H∗(LM2) is a ring isomorphism.
This result was originally announced by Cohen, Klein and Sullivan [11].
We present a wide range of examples: At the level of Thom spectra, the space of
smooth maps from a n-manifold N to M gives a module spectrum over the En-ring
spectrum associated to the space of smooth n-spheres into M . The space of knots
in the 3-sphere gives an E2-ring spectrum. The space of rational curves on a homo-
geneous projective variety gives also an E2-ring spectrum. The classifying spaces of
gauge groups give pro-ring and pro-module spectra. Maps from Riemann surfaces
of all genera into M define a ring spectrum. The “string topology” operations of
these examples allow new homological computations [16, 17].
The paper will be organized as follows: Section 2 will be devoted to defining
fiberwise monoids and modules. We will give one of our main examples of fiberwise
monoids - adjoint bundles of principal bundles - and define the product on the total
space homology.
In Section 3 we will generalize the Cohen-Jones construction to fiberwise monoids
and modules, and see that the product from Section 2 defines a graded algebra
structure on the total space homology. In Section 4 we will give some naturality
properties for the ring spectra arising from fiberwise monoids and modules.
Section 5 will give the construction of the homology operations for a bundle
with fiberwise action of the little n-cubes operad. Section 6 will define the string
topology of BG, and Section 7 will prove the homotopy invariance of the algebra
structure on H∗(LM). Section 8 will present numerous examples.
The first author would like to thank R. Cohen for his ideas, advice and guid-
ance. The second author is grateful to R. Cohen and S. Kallel for several fruitful
discussions.
2. Fiberwise Monoids and Modules
Fiberwise homotopy theory has been developed by James and Crabb [5]. In this
section we define fiberwise monoids, using a slight variation on their terminology,
and show that a fiberwise monoid structure on a fiber bundle over a closed, oriented
d-dimensional manifold induces a product of degree−d on the homology of the total
space of the bundle.
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Given a locally trivial fiber bundle E
p
→ B with fiber F , let E ×B E denote the
fiberwise product,
E ×B E = {(x, y) ∈ E × E : p(x) = p(y)}.
Then E ×B E is clearly a fiber bundle over B with fiber F × F. The projection
E×BE → B will also be denoted p. Given two fiber bundles E1
p1
→ B and E2
p2
→ B,
a map f : E1 → E2 is said to be fiberwise if p2 ◦ f = p1.
Definition 1. A fiberwise monoid consists of a fiber bundle E
p
→ B along with a
fiberwise map m : E ×B E → E and a section s : B → E satisfying
m(x, s(p(x))) = m(s(p(x)), x) = x
and
m(m(x, y), z) = m(x,m(y, z))
for any x, y, z ∈ E. The map m is called the multiplication map and s is called the
unit section.
Remark. For our constructions it is generally enough to have fiberwise homo-
topies (homotopies that are fiberwise maps over B at each stage) instead of equal-
ities in the definition above. However, for simplicity we will assume equality holds
and leave the generalizations to the fiberwise homotopy case to the reader.
A morphism f : E1 → E2 of fiberwise monoids is a commutative diagram
E1
f
−−−−→ E2
p1
y p2y
M1
f
−−−−→ M2
that respects the multiplication and the unit section, i.e., f ◦ s1 = s2 ◦ f and
f(m1(x, y)) = m2(f(x), f(y)).
For a closed manifold M , the free loop bundle LM
ev
→ M has a fiberwise multi-
plication defined by m(α, β) = α ∗ β where
α ∗ β(t) =
{
α(2t) 0 ≤ t ≤ 12
β(2t− 1) 12 ≤ t ≤ 1.
Now, m is not strictly associative and thus does not make LM into a fiberwise
monoid. However, m is associative up to fiberwise homotopy. Likewise the section
s : M →֒ LM that embeds M as the constant loops is a unit up to fiberwise
homotopy (LM is what is called a fiberwise monoid-like space). As noted above,
this is enough for our constructions. Alternatively, replacing loops with “Moore
loops” gives a bundle over M that is an honest fiberwise monoid.
Adjoint bundles will provide our main example of fiberwise monoids. Recall that
a principal G bundle E
p
→ B has a free, fiberwise right G action. We can form the
adjoint bundle Ad(E)
π
→ B by
Ad(E) = E ×G G = E ×G/ ∼
where (x, g) ∼ (x, g)h = (xh, h−1gh) for any h inG. Let [x, g] denote the equivalence
class of (x, g); then π([x, g]) = p(x). The adjoint bundle has fiber G but in general
is not a principal bundle. If G is abelian then the adjoint bundle is trivial, Ad(E) ∼=
B ×G.
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The group structure on G induces a fiberwise monoid structure on Ad(E) as
follows. If [x, g] and [y, h] are in the same fiber of Ad(E), then x and y are in
the same fiber of E, so there exists a unique element k ∈ G such that y = xk.
Then [y, h] = [xk, h] = [x, khk−1]. Define m([x, g], [y, h]) = [x, gkhk−1]. It is easy
to check that m is well-defined, continuous, fiberwise, and associative. Notice that
[x, 1] = [y, 1] for any x and y in the same fiber of E. Hence the unit section is given
by s(z) = [x, 1] where x is any element of p−1(z). Thus m gives Ad(E) a fiberwise
monoid structure.
In order to define the product on the homology of the total space of a fiber-
wise monoid, let us first recall the Pontrjagin-Thom construction. For the usual
Pontrjagin-Thom construction, let e : P →֒ N be a smooth embedding of smooth
manifolds. Then there exists a tubular neighborhood ηe of e, and ηe is homeomor-
phic to the total space of the normal bundle νe. Then the Pontrjagin-Thom collapse
map is
τ : N → N/(N − ηe).
Identifying N/(N − ηe) with the Thom space of the normal bundle P
νe , we obtain
a map τ : N → P νe .
However, this Pontrjagin-Thom construction is sometimes not general enough,
for instance when we want to work with infinite dimensional manifolds. The fol-
lowing generalization is due to Klein and R. Cohen [10]. Let
E −−−−→ X
q
y yp
P
e
−−−−→ N
be a homotopy Cartesian square, where e is a smooth embedding of closed mani-
folds. Then there exists a Pontrjagin-Thom collapse map
X → Eq
∗νe
well-defined up to homotopy. Cohen’s construction involves replacing p by the
homotopy equivalent path fibration X˜
p˜
→ N , then showing that you can pick a
tubular neighborhood ηe of e such that p˜
−1(ηe) is homotopy equivalent to the total
space of q∗νe. This collapse map is compatible with the collapse map coming from
e in the sense that
X
τ
−−−−→ Eq
∗νe
p
y yq
N
τ
−−−−→ P νe
commutes. Furthermore, in the case that q : X → N is a fiber bundle and E =
e∗X , then there is no need to replace X in the construction: p−1(ηe) is a tubular
neighborhood of E in X and is homeomorphic to the total space of q∗νe.
Let F →֒ E
p
→M be a fiberwise monoid with multiplication map m. Assume M
is a closed, smooth, oriented manifold of dimension d. Let ∆ denote the diagonal
map ∆ : M → M ×M and ∆˜ the obvious codimension d embedding of E ×M E
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into E × E. Then
E ×M E
∆˜
−−−−→ E × E
p
y yp×p
M −−−−→
∆
M ×M
commutes and is a pullback diagram of fiber bundles. Then as above there is a
Pontrjagin-Thom collapse map τ : E × E → (E ×M E)
p∗ν∆ . Furthermore, the
normal bundle of the diagonal embedding of a closed manifold is isomorphic to the
tangent bundle, ν∆ ∼= TM. Hence we obtain the collapse map
τ : E × E → (E ×M E)
p∗TM .
For convenience we will often write the Thom space (E×ME)
p∗TM as (E×ME)
TM
since it is clear what map we are using to pull back the tangent bundle.
In homology, combining τ∗ with m∗ and with the Thom isomorphism
u∗ : H˜n((E ×M E)
TM )
∼=
→ Hn−d(E ×M E)
yields a product
µ∗ : Hs(E)⊗Ht(E)
×
→ Hs+t(E × E)
τ∗→
H˜s+t((E ×M E)
TM )
u∗→ H˜s+t−d(E ×M E)
m∗→ H˜s+t−d(E).
In the case E = LM , this is the Chas-Sullivan product, as shown in [8]. To simplify
the grading, define H∗(E) = H∗+d(E), so that µ∗ : Hs(E) ⊗ Ht(E) → Hs+t(E).
We will see in Section 3 that the product µ∗ makes H∗(E) into a graded alge-
bra, compatible with the algebra structure on H∗(M) arising from the intersection
product.
Many of our constructions for fiberwise monoids easily generalize to fiberwise
modules.
Definition 2. Let E
p
→M be a fiberwise monoid and let E′ →M be a fiber bundle
along with a fiberwise map m′ : E ×M E
′ → E′ satisfying:
m′(x,m′(y, z)) = m′(m(x, y), z)
where m is the multiplication map for E →M , and
m′(s(p(z)), z) = z
where s is the unit section for E → M. Then E′ → M is said to be a fiberwise
module over E →M .
If E′ → M is a fiberwise module over E → M , where M is a smooth, closed,
oriented d-dimensional manifold, then we can construct a product µ′∗ : H∗(E) ⊗
H∗(E
′) → H˜∗−d(E
′) by composing the Pontrjagin-Thom collapse map τ and the
Thom isomorphism with m′∗ analogous to the fiberwise monoid situation:
µ′∗ : Hs(E)⊗Ht(E
′)
×
→ Hs+t(E × E
′)
τ∗→
H˜s+t((E ×M E
′)TM )
u∗→ H˜s+t−d(E ×M E
′)
m′
∗→ H˜s+t−d(E
′).
Again, we will see in Section 3 that this product makes H∗(E
′) into a module over
H∗(E).
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3. Ring spectra
Given a smooth embedding of closed manifolds e : P → N , along with a vector
bundle or virtual bundle ζ → N , we obtain a Pontrjagin-Thom collapse map
τ : N ζ → P e
∗ζ⊕νe .
If ζ is a virtual bundle then N ζ is now the Thom spectrum of ζ. In the case ζ = −E
for a k-dimensional vector bundle E, N ζ is defined as
N−E = Σ−(N+k)NE
⊥
where E⊥ is the N -dimensional orthogonal complement bundle to an embedding
E →֒ N × Rk+N . This generalization of the Pontrjagin-Thom construction also
extends to the situation of [10]: if
E
f
−−−−→ X
q
y yp
P −−−−→
e
N
is homotopy Cartesian and e is a smooth embedding of closed manifolds, then for
any vector or virtual bundle ζ over X we obtain a Pontrjagin-Thom collapse map
τ : Xζ → Ef
∗ζ⊕q∗νe .
We will use this construction to prove the following theorem.
Theorem 3. Let F → E
p
→ M be a smooth fiberwise monoid with M closed of
finite dimension d. Then the Thom spectrum E−TM is an associative ring spectrum
with unit. Furthermore, the induced map p : E−TM → M−TM is a map of ring
spectra.
By an associative ring spectrum with unit we mean in a weak sense; that is, it
is a spectrum X along with a map µ : X ∧X → X and a map ι : S → X , where S
denotes the sphere spectrum, so that the diagram
X ∧X ∧X
µ∧id
−−−−→ X ∧X
id∧µ
y yµ
X ∧X
µ
−−−−→ X
commutes up to homotopy and the compositions
X
∼=
→ S ∧X
ι∧id
→ X ∧X
µ
→ X
and
X
∼=
→ X ∧ S
id∧ι
→ X ∧X
µ
→ X
are homotopic to the identity on X . Note that in this paper, most maps of ring
spectra will be well-defined only up to homotopy. The first-named author intends
to rigidify this structure in future work [15].
As before, let G →֒ E
p
→ M be a fiberwise monoid with multiplication map m.
Assume M is a smooth, closed manifold of dimension d. We saw previously that
we can apply the Pontrjagin-Thom construction to ∆˜ : E ×M E →֒ E × E with
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ν∆˜
∼= p∗(TM). Pulling back the virtual bundle −TM×−TM over E×E, we obtain
a Pontrjagin-Thom map
τ : (E × E)(p×p)
∗(−TM×−TM) → (E ×M E)
∆˜∗(p×p)∗(−TM×−TM)⊕p∗(TM).
In simplified notation this is
τ : (E × E)(−TM×−TM) → (E ×M E)
−2TM⊕TM
or, in particular,
τ : E−TM ∧ E−TM → (E ×M E)
−TM .
Furthermore, by the commutativity of
E ×M E
m
−−−−→ E
p
y yp
M M
we see that m induces a map of Thom spectra
m : (E ×M E)
−TM → E−TM .
Thus, we define the ring spectrum structure on E−TM as the composition
µ : E−TM ∧E−TM
τ
→ (E ×M E)
−TM m→ E−TM .
Notice that we have used two different methods to obtain maps between Thom
spectra: Pontrjagin-Thom collapse maps and maps induced from maps of bundles.
In confirming the properties of the ring spectrum E−TM we will often use the
following naturality property of the Pontrjagin-Thom maps with respect to the
induced maps.
Lemma 4. Let e : P →֒ N be a smooth embedding of closed manifolds. Suppose
we have two fiber bundles X1
p1
→ N and X2
p2
→ N and a map g : X1 → X2 such that
p2g = p1. Then we have the pullback diagram
E1 := e
∗X1
f1
−−−−→ X1
g
y yg
E2 := e
∗X2
f2
−−−−→ X2
q2
y yp1
P
e
−−−−→ N
Let q1 = q2g. Let ζ be a vector or virtual bundle over X2. Then the following
diagram of Thom spectra commutes:
Xg
∗ζ
1
τ
−−−−→ E
f∗1 g∗ζ⊕q
∗
1νe
1 = E
g∗(f∗2 ζ⊕q
∗
2νe)
1
g
y yg
Xζ2
τ
−−−−→ E
f∗2 ζ⊕q
∗
2νe
2 .
Proof. This follows easily from [10], since after replacing p1 and p2 by path fibra-
tions we can use the same tubular neighborhood ηe to obtain the collapse maps for
both f1 and f2. 
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To check that the ring spectrum structure on E−TM is associative, we will apply
the lemma to
E ×M E ×M E
id×∆˜
−−−−→ E ×M E × E
m×id
y ym×id
E ×M E
∆˜
−−−−→ E × E.
Here the embedding e will be ∆ :M →M ×M and ζ = −TM ×−TM. Hence the
following diagram commutes:
(E ×M E)
−TM ∧ E−TM
τ
−−−−→ (E ×M E ×M E)
−TM
m×id
y ym×id
E−TM ∧ E−TM
τ
−−−−→ (E ×M E)
−TM .
Hence µ ◦ (µ ∧ id) is given by
E−TM ∧ E−TM ∧ E−TM
τ
→ (E ×M E ×M E)
−TM m◦(m×id)−→ E−TM .
Since m ◦ (m× id) = m ◦ (id×m), it is now clear that µ ◦ (µ ∧ id) = µ ◦ (id ∧ µ).
The Thom spectrum M−TM also has the structure of an associative ring spec-
trum, given by applying the Pontrjagin-Thom construction to the diagonal embed-
ding ∆ :M →֒M ×M and using the virtual bundle −TM ×−TM,
τ :M−TM ∧M−TM →M−TM .
This ring spectrum structure was shown to rigidify to a commutative symmetric
ring spectrum in [7]. After applying the homology Thom isomorphism on both
sides, τ realizes the intersection product on H∗(M). Furthermore, M
−TM is S-dual
to M+. The unit j : S →M
−TM is dual to the projection map M+ → S
0. We can
now define the unit of E−TM as the composition
ι : S
j
→M−TM
s
→ E−TM
where s is the unit section. Hence E−TM is an associative ring spectrum with unit;
notice that if the fiberwise multiplication m is commutative then so is E−TM .
To show that p : E−TM → M−TM is a map of ring spectra we just need to see
that the diagram below commutes.
(E × E)−TM×−TM
τ
−−−−→ (E ×M E)
−TM m−−−−→ E−TMyp×p yp yp
(M ×M)−TM×−TM
τ
−−−−→ M−TM M−TM
The square on the left commutes from the construction of the collapse map, and
the square on the right commutes since p ◦m = p. This proves Theorem 3.
In the case when M is oriented, after applying the Thom isomorphism, the ring
spectrum multiplication realizes the homology product described in Section 2. That
is, the following diagram commutes, where u∗ denotes the Thom isomorphism:
Hq−2d(E
−TM ∧ E−TM )
µ∗
−−−−→ Hq−2d(E
−TM )
u∗
y∼= ∼=yu∗
Hq(E × E)
µ∗
−−−−→ Hq−d(E)
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as shown in [8].
Hence we have proved the following:
Proposition 5. Let p : E → M be a fiberwise monoid over a closed, smooth,
oriented d-dimensional manifold M . Then H∗(E) has a graded algebra structure.
Moreover, p∗ : H∗(E) → H∗(M) is an algebra homomorphism, where H∗(M) is
equipped with the intersection product.
The analogous construction works for fiberwise modules. If E′ →M is a fiberwise
module over a fiberwise monoid E → M , then the Thom spectrum E′
−TM
is a
module over the ring spectrum E−TM via
E−TM ∧ E′
−TM τ
→ (E ×M E
′)−TM
m′
→ E′
−TM
.
If M is oriented, applying the Thom isomorphism in homology at all stages realizes
the module structure µ∗ from Section 2.
Proposition 6. Let E′ → M be a fiberwise module over a fiberwise monoid E →
M. Then H∗(E
′) is a module over the associative algebra H∗(E).
Cohen, Jones and Yan proved the following theorem for the case E = LM in [9]
and their proof easily generalizes for fiberwise monoids.
Theorem 7. Let F →֒ E →M be a fiberwise monoid with M a smooth, closed, ori-
ented, simply connected manifold. Then there is a second quadrant spectral sequence
of algebras {Erp,q, d
r : p ≤ 0, q ≥ 0} such that
• Er∗,∗ is an algebra and the differential d
r : Er∗,∗ → E
r
∗−r,∗+r−1 is a derivation
for each r ≥ 1.
• The spectral sequence converges to H∗(E) as algebras.
• For m,n ≥ 0,
E2−m,n
∼= Hm(M ;Hn(F )).
Furthermore, E2−∗,∗
∼= H∗(M ;H∗(F )) as algebras, where the algebra struc-
ture on H∗(M ;H∗(F )) is given by the cup product on the cohomology of M
with cohomology in the Pontrjagin ring H∗(F ).
4. Naturality
In this section we will prove the following naturality theorem for the ring spectra
arising from fiberwise monoids.
Theorem 8. (1) A morphism of fiberwise monoids of the form
F Fy y
E1 = f
∗(E2) −−−−→ E2y y
M1
f
−−−−→ M2
with Mi closed and f smooth, induces a map of ring spectra
θf : E
−TM2
2 → E
−TM1
1
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that is compatible with the Atiyah dual of f,
M−TM22 →M
−TM1
1 .
(2) A morphism of fiberwise monoids of the form
F1
f
−−−−→ F2y y
E1
f
−−−−→ E2y y
M M
with M closed, induces a map of ring spectra
f : E−TM1 → E
−TM
2
that is compatible with the identity map of M−TM .
Proof. Suppose we have a morphism of fiberwise monoids as in (1) above. Fix a
smooth embedding e of M1 into a sphere S
N of sufficiently large dimension. Then
E1
f×(e◦p1)
−−−−−−→ E2 × S
N
p1
y yp2×id
M1
f×e
−−−−→ M2 × S
N
is also a morphism of fiberwise monoids, and E1 = (f × e)
∗(E2 ×S
N ). Hence there
is a Pontryagin-Thom collapse map
E−TM22 ∧ S
N−TS
N
→ E
(f×e)∗(−TM2×−TS
N )⊕ν(f×e)
1 = E
−TM1
1
which we will denote by τf . Now S
N−TS
N
is ring spectrum with unit j : S →
SN
−TSN
. Hence we have a map of spectra
θf : E
−TM2
2
∼= E−TM22 ∧ S
id∧j
→ E−TM22 ∧ S
N−TS
N τf
→ E−TM11 .
We now verify that θf is a map of ring spectra. First consider the diagram
E−TM22 ∧ E
−TM2
2 ∧ S ∧ S
id∧id∧j∧j
−−−−−−−→ E−TM22 ∧ E
−TM2
2 ∧ S
N−TS
N
∧ SN
−TSN
µ2∧α
y yµ2∧τ∆
E−TM22 ∧ S
id∧j
−−−−→ E−TM22 ∧ S
N−TS
N
.
Here α is the identification S ∧ S = S (which is the multiplication on the ring
spectrum S) and τ∆ is the Pontrjagin-Thom collapse map from ∆ : S
N →֒ SN×SN ,
hence is the multiplication for the ring spectrum SN
−TSN
. This diagram commutes
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since j is the unit of SN
−TSN
. Next consider
E−TM22 ∧ E
−TM2
2 ∧ S
N−TS
N
∧ SN
−TSN τf∧τf
−−−−→ E−TM11 ∧ E
−TM1
1
τ∆˜∧τ∆
y yτ∆˜
(E2 ×M2 E2)
−TM2 ∧ SN
−TSN τg
−−−−→ (E1 ×M1 E1)
−TM1
m2∧id
y ym1
E−TM22 ∧ S
N−TS
N τf
−−−−→ E−TM11
where g = f × (e ◦ p1) : E1 ×M1 E1 →֒ E2 ×M2 E2 × S
N .
The commutativity of
E2 × E2 × S
N × SN
←֓
←−−−− E1 × E1
∆˜×∆
x x∆˜
E2 ×M2 E2 × S
N ←֓←−−−− E1 ×M1 E1
and the naturality of the Pontrjagin-Thom construction show that the top square
commutes. To check the commutativity of the bottom square, we apply the lemma
to
E1 ×M1 E1
→֒
−−−−→ E2 ×M2 E2 × S
N
m1
y ym2×id
E1
→֒
−−−−→ E2 × S
N
with P = M1, N =M2×S
N and ζ = −TM2×−TS
N . Combining the two diagrams
above shows that
E−TM22 ∧ E
−TM2
2
θf∧θf
−−−−→ E−TM11 ∧ E
−TM1
1
µ2
y yµ1
E−TM22
θf
−−−−→ E−TM11
commutes.
We also check that θf takes the unit of E
−TM2
2 to the unit of E
−TM1
1 . In the
diagram
S0
j
−−−−→ M−TM22
s2−−−−→ E−TM22∥∥∥ yθf yθf
S0
j
−−−−→ M−TM11
s1−−−−→ E−TM11
the first square commutes because it is dual to
S0 ←−−−− M2+∥∥∥ x
S0 ←−−−− M1+
which commutes. The second square commutes by the construction of the collapse
maps. This proves the first part of Theorem 8.
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To check the second part, suppose we have a morphism of fiberwise monoids
F1 −−−−→ F2y y
E1
f
−−−−→ E2
p1
y yp2
M M.
Then f induces a map of Thom spectra
f : E−TM1 → E
−TM
2 .
This map is a map of ring spectra since in the diagram
E−TM1 ∧ E
−TM
1
τ
−−−−→ (E1 ×M E1)
−TM m1−−−−→ E−TM1
f∧f
y yf yf
E−TM2 ∧ E
−TM
2
τ
−−−−→ (E2 ×M E2)
−TM m2−−−−→ E−TM2
both squares commute - the first by the lemma, and the second since f◦m1 = m2◦f.
It is clear that f sends the unit of E−TM1 to the unit of E
−TM
2 , since f ◦s1 = s2. 
The unit section induces a map of the trivial fiberwise monoid over M into E of
the form in part (ii) of the theorem, hence we obtain:
Corollary 9. The unit section s : M → E of a fiberwise monoid over a closed,
smooth, oriented d-dimensional manifold induces an algebra homomorphism s∗ :
H∗(M)→ H∗(E).
If we apply part (i) of the theorem to the case when f is the inclusion of the base
point into M and E2 = E then we get a map of ring spectra E
−TM → Σ∞F+. This
induces in homology a homomorphism c : H∗(E) → H∗(F ) called in [4] transverse
intersection with a fiber. Thus we obtain:
Proposition 10. The intersection with a fiber is a homomorphism of algebras
c : H∗(E)→ H∗(F ), where H∗(F ) is equipped with the Pontrjagin product.
Likewise we obtain naturality properties for fiberwise modules.
Proposition 11. (1) Let E′ → M2 be a fiberwise module over a fiberwise
monoid E → M2, and let f : M1 → M2 be a smooth map of closed, ori-
ented manifolds. Then f∗E′ →M1 is a fiberwise module over the fiberwise
monoid f∗E →M1 and the diagram
E−TM2 ∧ E′
−TM2 µ
′
−−−−→ E′
−TM2
τf∧τf
y yτf
f∗E−TM1 ∧ f∗E′
−TM1 µ
′
−−−−→ f∗E′
−TM1
commutes.
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(2) Let E′ → M and E′′ → M be fiberwise modules over the smooth fiberwise
monoid E →M , with a smooth module map
E′
g
−−−−→ E′′y y
M M.
Then g : E′
−TM
→ E′′
−TM
is a map of E−TM modules.
5. Little cubes and string topology
In this section we study the operations induced by the little n-cubes operad in
a fiberwise setting.
We recall that a topological operad C is a sequence of spaces C(n), together
with an action of Σn on C(n), a unit in C(1), and structure maps
C(k)× C(i1)× . . .× C(ik)→ C(i1 + · · ·+ ik)
satisfying appropriate associativity, equivariance and unit axioms [12].
The little n-cubes operad Cn is defined so that Cn(k) is the space of embeddings
of the disjointed union of k copies of a cube into a cube
∐
k I
n → In, that on each
copy is a product of affine embeddings. The operad structure maps are defined by
composition and the symmetric group action by reordering. By convention Cn(0)
is a point.
A space A is an algebra over a topological operad C if there are structure maps
θn : C(k) × A
k → A satisfying appropriate associativity, equivariance and unit
conditions [12].
A Cn-algebra is usually also called a Cn-space. A typical example of a Cn-algebra
is an n-fold loop space Ωn(X), the space of based maps from Sn to a topological
space X (Section 8).
Operads and their algebras can be defined similarly in any symmetric monoidal
category, if we replace the cartesian product above by the tensor product.
We are interested in the category of spaces over a fixed space M . Such category
is symmetric monoidal by its categorical product: the tensor product of two objects
X → M and Y → M is the pullback X ×M Y equipped with the obvious map to
M . Given a topological operad O, the collection of trivial bundles O(k)×M →M
is an operad O¯ in the category of spaces over M .
Definition 12. We say that a bundle π : E → M is a fiberwise O-algebra if it is
an algebra over O¯ in the category of spaces over M .
In particular each fiber π−1(m) over a point m ∈ M is an algebra over O. If
O(0) is a point, this yields a section s : M → E of π. If O is the operad defining
monoids, then a fiberwise O-algebra is a fiberwise monoid as introduced earlier.
If O = Cn we say also that π : E → M is a fiberwise Cn-space. A typical
example of fiberwise Cn-space is the free mapping space map(S
n, X) equipped
with the evaluation projection to X (Section 8).
Another monoidal category of interest for us is the category of spectra equipped
with the smash product. The suspension spectrum functor turns Cn into an operad
Σ∞(Cn)+ in the category of spectra. An algebra over such operad is called an
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En-ring spectrum. In the rest of the paper we will mean the weak version of this
notion in the sense that the associativity axiom is relaxed up to homotopy.
We are ready now to state the main result of the section.
Theorem 13. Let M be a smooth, closed, compact manifold. Let π : E →M be a
fiber bundle that is a fiberwise Cn-space. Then E
−TM is an En-ring spectrum.
Proof. As done earlier we write −TM also for its pullback via π or other projections
to M . By definition we have structure maps
θk : Cn(k)× (π
k)−1(∆k(M))→ E,
where M ∼= ∆k(M) ⊂ M
k is the thin diagonal. On the other hand we have a
pullback diagram
(πk)−1(∆k(M)) −−−−→ E
ky yπk
∆k(M)
ik−−−−→ Mk .
The embedding ik has as normal bundle νk, the kernel of the projection⊕kTM →
TM , that is the reduced representation of Σk on TM , and is isomorphic to ⊕k−1TM
as a non-equivariant vector bundle. On the level of Σk-equivariant virtual bundles
the equality⊕k(−TM)⊕νk ∼= −TM holds. Thus the Thom-Pontrjagin construction
in [10] twisted by the virtual bundle (−TM)k on Ek yields a map of spectra
τk : (E
−TM )∧k → (πk)−1(∆k(M))
−TM .
The structure map of E gives us on spectra
θ−TMk : Σ
∞Cn(k)+ ∧ (π
k)−1(∆k(M))
−TM → E−TM .
The desired structure map of E−TM is then the composite
θ−TMk ◦ (Σ
∞Cn(k)+ ∧ τk) : Σ
∞Cn(k)+ ∧ (E
−TM )∧k → E−TM .
The equivariance is immediate. The associativity follows from Lemma 4 similarly
as for monoids, using the associativity condition for E. The unit is constructed just
as in the case of monoids.

Proposition 14. The projection p : E → M and the section s : M → E induce
maps of En-ring spectra E
−TM →M−TM and M−TM → E−TM . The inclusion of
the fiber F → E induces a map of En-ring spectra E
−TM → Σ∞(F+).
Proof. Apply Theorem 8 (1) to the projection and the section, and Theorem 8 (2)
to the fiber inclusion. 
It is well known that Cn-spaces and En-ring spectra have a wealth of homology
operations, thoroughly studied by F. Cohen in [6].
As a consequence of Theorem 13 we obtain :
Corollary 15. Let E →M be a fiberwise Cn-space over a closed, compact, smooth
manifold M . We assume M to be oriented unless we work at the prime 2.
There exist operations
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(Prime 2) Qi : Hq(E,Z2)→ H2q+i(E,Z2), for 0 ≤ i ≤ n− 1;
(Odd primes) βεQi : Hq(E,Zp) → Hpq+i(p−1)−ε(E,Zp), for p odd prime, q + i
even, 0 ≤ i ≤ n− 1, ε = 0, 1;
(Browder) λn−1 : Hp(E)⊗Hq(E)→ Hp+q+n−1(E).
The Qi’s operations satisfy the Adem relations and the internal Cartan relations
(including unstable relation Thm 1.3(2) in [6]). The operation λn−1 satisfies the
internal Cartan formula, the Jacobi identity, and the compatibility with Qi’s in
Thm 1.2 (8), Thm 1.3 (4,5) of [6].
Proof. These operations are always defined on the homology of an En-ring spec-
trum. Namely λn−1(x⊗y) = (θ2)∗(e⊗x⊗y), with e ∈ Hn−1(Cn(2)) ∼= Hn−1(S
n−1) a
generator and θ2 : Σ
∞Cn(2)+∧E
−TM∧E−TM → E−TM the structure map. The op-
erations Q′is depend on the choice of classes ei(p−1)−ε ∈ Hi(p−1)−ε(Cn(p)/Σp,±Zp)
(untwisted or twisted by the sign representation) and are defined by Qi(x) =
(θ¯p)∗(ei(p−1)−ε ⊗ x
⊗p), where θ¯p : Σ
∞Cn(p)+ ∧Σp (E
−TM )∧p → E−TM is induced
by the structure map, and we use the fact that
H∗(Σ
∞Cn(p)+ ∧Σp (E
−TM )∧p) ∼= H∗(Cn(p)/Σp, H∗(E
−TM )⊗p).
Via the Thom isomorphism H∗(E) ∼= H∗(E
−TM ) this defines our operations. All
relations hold at the level of equivariant homology of the operad of little n-cubes.

Remark: In the special case E = map(Sn,M) the homological action of the
n-little cubes operad extends to an action of the (n+1)-little cubes operad. See [8]
for n = 1 and [14] for n > 1. In this case there are additional homology operations
Qn, and λn−1 is trivial. They were constructed in [19] and [20].
In the special case E = M we have that M−TM is an E∞-ring spectrum, and
this defines the operations above on H∗(M). We will show that they are Poincare´
dual to Steenrod operations.
Let us denote the homology operation Poincare´ dual to the Steenrod square
Sqi : Hq(M,Z2)→ H
q+i(M,Z2) by PD(Sq
i) : H−q(M,Z2)→ H−q−i(M,Z2), with
our shift convention. Similarly the Poincare´ dual of the power operation P i at the
prime p is denoted
PD(P i) : H−q(M,Zp)→ H−q−2i(p−1)(M,Zp).
Theorem 16. Let M be a closed smooth manifold.
(i) For x ∈ H−q(M,Z2),
Qi(x) = PD(Sq
q−i)(x) ∈ H−2q+i(M,Z2).
(ii) For M oriented and x ∈ H−q(M,Zp), with p odd,
βεQi(x) = PD(β
εP
q−i
2 )(x) ∈ Hpq+i(p−1)(M,Zp).
(iii) For M oriented the operations λn vanish for any n.
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Proof. We give a proof of (i). Recall that the Serre spectral sequence of
M2 → Si ×Z2 M
2 → RPi
collapses at the prime 2. By definition Qi(x) = π∗j!([RP
i] ⊗ x ⊗ x), where j :
RPi×M → Si×Z2M
2 is the embedding induced by the diagonal, j! is induced by the
Thom-Pontrjagin collapse followed by Thom isomorphism, and π : RPi ×M →M
is the projection. It is well known that j! in homology corresponds under Poincare´
duality to j∗ in cohomology.
Let x′ ∈ Hq(X,Z2) be the cohomology class dual to x. Then
[RP0]∗ ⊗ x′ ⊗ x′ ∈ H2q(Si ×Z2 M
2,Z2)
is dual to [RPi]⊗x⊗ x. Thus j!([RP
i]⊗ x⊗x) is Poincare´ dual to j∗([RP0]∗⊗x′⊗
x′) =
∑i
t=0[RP
t]∗ ⊗ Sqq−t(x′), namely it is
∑i
t=0[RP
i−t]⊗ PD(Sqq−t)(x), but the
projection π∗ kills all summands except the last.
The proof of (ii) is very similar, and is done with respect to the diagonal map
S2N+1/Zp×M → S
2N+1×ZpM
p, a finite dimensional approximation of BZp×M →
EZp ×Zp M
p.
Statement (iii) follows because the operation λn is an obstruction to the extension
from an En+1− to an En+2-ring structure on M
−TM . 
Statements (i),(ii) in the following proposition are similar to Propositions 5, 10
and follow from Proposition 14.
Proposition 17. Let π : E →M be a fiberwise Cn-space over an oriented manifold
M , with fiber F and canonical section s. Then
(i) The homomorphisms π∗ : H∗(E) → H∗(M) and s∗ : H∗(M) → H∗(E) com-
mute with the homology operations Q′is and λn−1.
(ii) Let c : H∗(E) → H∗(F ) be the transverse intersection with a fiber. Let
us denote by Qi and λn−1 the operations of Cn-space on H∗(F ) [6]. Then the
homomorphism c commutes with the operations Q′is and λn−1.
There is a result similar to Theorem 13 for modules. Let O be an operad in
a fixed symmetric monoidal category C. A module M over an O-algebra A is an
object of C equipped with structure maps O(k) ⊗ A⊗k−1 ⊗ M → M satisfying
appropriate axioms [12]. We consider modules in the category of spectra in the
weak sense, requiring that the appropriate diagrams in the axioms commute up to
homotopy, as we did for algebras.
Definition 18. A bundle E′ →M is a fiberwise module over a fiberwise O-algebra
E → M if E′ → M is a module over the O¯-algebra E → M in the category of
spaces over M .
A typical example of fiberwise module over a fiberwise Cn-space is the mapping
spacemap(N,X) from a n-dimensional manifold, that is a module overmap(Sn, X)
(section 8).
Proposition 19. Let E′ → M be a fiberwise module over a fiberwise Cn-space
E →M , with M a closed compact manifold.
Then E′−TM is a module over the En-ring spectrum E
−TM .
We recall that a n-algebra (see [18]) is an algebra over the operad H∗(Cn,Q). A
2-algebra is also called a Gerstenhaber algebra.
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Corollary 20. If a bundle E →M is a fiberwise Cn-space and a bundle E
′ →M
is a module over it, then H∗(E
′,Q) is a module over the n-algebra H∗(E,Q).
6. String Topology of Classifying Spaces
The naturality properties of fiberwise monoids allow us to define and study the
string topology of BG, when G is a compact Lie group, which is not covered by
Chas-Sullivan or Cohen-Jones since BG is not a closed manifold. We will first
study fiberwise monoids over colimits of manifolds. Suppose F →֒ E → X is a
fiberwise monoid with multiplication m and unit section s, where X is a direct
limit of smooth, closed, oriented manifolds {Xα},
X = colim
α∈D
Xα
where D is a directed set. Let iα be the map Xα → X , and iαβ the map Xα → Xβ
whenever α ≤ β. Then
Eα := i
∗
α(E) = {(x, v)|x ∈ Xα, v ∈ E, p(v) = iα(x)}
is a fiberwise monoid with multiplication
mα((x, v), (x,w)) = (x,m(v, w))
and unit section
s(x) = (x, s(iα(x))).
Then E−TXαα is a ring spectrum with unit, and by Theorem 8 whenever α ≤ β we
have a map of ring spectra
θiαβ : E
−TXβ
β → E
−TXα
α .
Hence we can associate to E → X the pro-ring spectrum {E−TMαα , θiαβ}.
In particular, let G be a compact Lie group. Then there is always a model of BG
which is a colimit of closed submanifolds (for instance, there is always a faithful
finite dimensional representation of G on a vector space V ; then take as a model
of EG the space of linear embeddings of V in R∞, and take the finite spaces to
be linear embedding of V into Rn). Furthermore, LBG is homotopy equivalent (in
fact, fiberwise homotopy equivalent where the homotopy equivalences are morphism
of fiberwise monoids over BG) to Ad(EG), where EG is a universal G-bundle over
BG.
Definition 21. Let G be a compact Lie group and let BG be a model for the
classifying space of G which is a colimit of smooth manifolds,
BG = colim
n→∞
Mn.
Assume the connectivity of the inclusion Mn →֒ BG is a non-decreasing function
of n which tends to infinity. Define the string topology of BG to be the pro-ring
spectrum
LBG−TBG := {E−TMnn , θinm}
where En = Ad(i
∗
n(EG)).
Notice that Ad(i∗n(EG)) = i
∗
n(Ad(EG)).
This construction yields a pro-ring structure on the pro-homology
. . .H∗(En+1)→ H∗(En)→ · · · → H∗(E1)
where we take coefficients in Z/2Z if the Mn’s are not appropriately oriented.
18 KATE GRUHER AND PAOLO SALVATORE
Lemma 22. The homotopy type of the string topology of BG is well-defined.
Proof. Suppose we have two different filtrations of BG by closed submanifolds,
BG = colim
n→∞
Mn
and
BG = colim
m→∞
Nm.
Define in : Mn →֒ BG, jm : Nm →֒ BG, En = Ad(i
∗
nEG) and Fm = Ad(j
∗
mEG).
Assume that in is φ(n) connected and jm is ψ(m) connected, where φ and ψ are
non-decreasing functions that tend to infinity. We need to show that the pro-ring
spectra
· · · → E
−TMn+1
n+1 → E
−TMn
n → · · · → E
−TM1
1
and
· · · → F
−TNn+1
n+1 → F
−TNn
n → · · · → F
−TN1
1
have the same homotopy type. For n ∈ Z, let m(n) be the smallest m such that
ψ(m) ≥ φ(n). Then there exists fn : Mn → Nm(n) which is φ(n) connected and so
that jm(n) ◦ fn ≃ in. There is an induced ring spectrum map θfn : F
−TNm(n)
m(n) →
E−TMnn . In homology, after applying the Thom Isomorphism on both sides, θfn is
(fn)!. So θfn is an isomorphism on H∗ for g ≥ ∗ ≥ g − φ(n), where g = dim(G). It
is now clear that the maps {fn} give a homotopy equivalence of the two pro-ring
spectra. 
Let us now consider two examples, one with trivial string topology and one with
nontrivial string topology.
Example: G = S1. Consider the universal principal S1 bundle S1 →֒ S∞ →
CP
∞. Since S1 is abelian, its adjoint bundle is trivial, Ad(ES1) = S1×CP∞. Now
CP∞ = colimn→∞CP
n. Hence the pro-ring spectrum associated to S1 × CP∞ →
CP
∞ is
· · · → (CPn+1 × S1)−TCP
n+1
→ (CPn × S1)−TCP
n
→ · · · → (CP1 × S1)−TCP
1
.
Notice (CPn×S1)−TCP
n
= (CPn)−TCP
n
∧S1+. By the Thom isomorphism,H∗((CP
n×
S1)−TCP
n
) ∼= H∗+2n(CP
n × S1), so H∗((CP
n × S1)−TCP
n
) ∼= Z for −2n ≤ ∗ ≤ 1
and is 0 otherwise. Now the product
µ∗ : Hs(S
1 × CPn)⊗Ht(S
1 × CPn)→ Hs+t−2n(S
1 × CPn)
is the tensor product of the intersection product on H∗(CP
n) with the Pontrjagin
product on H∗(S
1), on H∗(S
1 × CPn) ∼= H∗(S
1)⊗H∗(CP
n). As previously noted,
this product, with an appropriate dimension shift, describes the product structure
on H∗((CP
n × S1)−TCP
n
). In particular,
H∗((CP
n × S1)−TCP
n
) ∼= Λ(t)⊗ Z[c]/c(n+1)
as rings, where c has degree−2 and t has degree 1. Furthermore the mapH∗((CP
n+1×
S1)−TCP
n+1
)→ H∗((CP
n × S1)−TCP
n
) is the usual projection
Λ(t)⊗ Z[c]/c(n+2) → Λ(t)⊗ Z[c]/c(n+1).
The inverse limit of this inverse system of rings is Λ(t)⊗ Z[[c]].
Example: G = O(2).We will use the model BO(2) = Gr2,∞, the Grassmannian
of 2-planes in R∞. Then BO(2) has the obvious filtration by manifoldsMn = Gr2,n,
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the Grassmannian of 2-planes in Rn, for n ≥ 3. As above, let En = i
∗
n(EO(2)). We
will show that BO(2) has nontrivial string topology, in the sense that the pro-ring
spectra
· · · → Ad(En+1)
−TMn+1 → Ad(En)
−TMn → · · · → Ad(E3)
−TM3
and
· · · → (Mn+1 ×O(2))
−TMn+1 → (Mn ×O(2))
−TMn → · · · → (M3 ×O(2))
−TM3
are not homotopy equivalent.
SinceMn is not always orientable, Z2 coefficients will be assumed throughout this
example. Let A denote the mod 2 Steenrod algebra. The A module structure on
H∗(Ad(En)
−TMn) induces a “twisted” A module structure on H∗(Ad(En)) defined
by Sqit(x) = (u
∗)−1(Sqi(u∗x)), where u∗ is the Thom isomorphism. Hence
Sqit(x) =
∑i
j=0
Sqj(x) ∪ wi−j(−TMn).
We then obtain a right A module structure on H∗(Ad(En)) defined by
< x, ySqit >=< Sq
i
tx, y >
for x ∈ H∗(Ad(En)) and y ∈ H∗+i(Ad(En)). Notice that Sq
i
t lowers degree by i in
homology. We obviously have this same right A module structure on H∗(Ad(En)).
Furthermore, maps of ring spectra preserve the action of A on (co)homology. Thus
the inverse system of rings
· · · → H∗(Ad(En+1))→ H∗(Ad(En))→ · · · → H∗(Ad(E3))
is also an inverse system of right A modules. The A module structure interacts
with the ring multiplication µ∗ as follows:
(µ∗(x, y))Sq
i
t = µ∗(x× y)Sq
i
t = µ∗(
i∑
j=0
xSqjt × ySq
i−j
t ) =
i∑
j=0
µ∗(xSq
j
t , ySq
i−j
t )
where x × y ∈ H∗(Ad(En) × Ad(En)) and the twisted A module structure in the
second term is induced from (Ad(En)×Ad(En))
−TM×−TM .
Clearly we have the analogous constructions for H∗(Mn × O(2)), induced from
(Mn × O(2))
−TMn . We will show that the actions of Sq1t on H1(Ad(En)) and
H1(Mn × O(2)) are different. Notice that Gr2,n is orientable if and only if n is
even. Furthermore, H∗(Gr2,n) = Z2[w1, w2]/R where if γ is the canonical 2-plane
bundle over Gr2,n, wi = wi(γ) and R is the ideal generated by the relations forced
from
(1 + w1 + w2)(1 + w1(γ
⊥) + · · ·+ wn−2(γ
⊥)) = 1.
If n is even, w1(−TMn) = 0 and so the action by Sq
1
t on H1(Mn × O(2)) is the
same as that by Sq1. Since Mn × O(2) is orientable, xSq
1
t = xSq
1 = 0 for any
x ∈ H1(Mn ×O(2)).
If n is odd, w1(−TMn) = w1 andMn×O(2) is non-orientable. H
0(Mn×O(2)) ∼=
Z2 × Z2 × Z2 × Z2 with generators z × a0, z × a1, y × b0, and y × b1 where ai are
generators of H0(O(2)), bi generators of H
1(O(2)), z a generator of H2n−4(Mn)
and y a generator of H2n−5(Mn). Then
Sq1t (z × ai) = 0 + z ∪ w1 × ai = 0
and
Sq1t (y × bi) = z × bi + y ∪ w1 × bi = 0
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since one can see by examining the ideal R above that y ∪ w1 = z. Hence Sq
1
t :
H0(Mn × O(2)) → H
1(Mn × O(2)) is always zero, so if x ∈ H1(Mn × O(2)), then
xSq1t = 0.
Now consider Ad(En) = En ×O(2) O(2), which has the two components
C1 := En ×O(2) SO(2) and C2 := En ×O(2) ASO(2),
where A =
(
0 1
1 0
)
. Now En = V2,n, the Stiefel manifold of orthonormal 2-frames in
Rn. So
C1 = G˜r2,n ×Z2 S
1
where G˜r2,n is the Grassmannian of oriented 2-planes and Z2 is identified with
{A, 1} and so acts on S1 by complex conjugation. G˜r2,n is orientable and the
action of A is orientation preserving if and only if n is even; hence since complex
conjugation on S1 is orientation reversing, C1 is orientable if and only if n is odd.
The second component
C2 = V2,n/ ∼
where, viewing V2,n as the set of n × 2 matrices with orthonormal columns, B ∼
BA ∼ −B ∼ −BA. The map B 7→ −B is always orientation preserving; the map
B 7→ BA is orientation preserving if and only if n is odd. Hence C2 is also orientable
if and only if n is odd.
For n even,Mn is orientable but Ad(En) is not. Hence Sq
1
t = Sq
1. By examining
each component we see that Sq1 : H0(Ad(En)) → H
1(Ad(En)) is surjective. Thus
if x is a nonzero element of H1(Ad(En)), then xSq
1
t 6= 0.
Now notice that for any n, the map
H1(Ad(En+1))
θin,n+1
→ H1(Ad(En))
is an isomorphism, since it is Z2 Poincare´ dual toH
0(Ad(En+1))
i∗n,n+1
→ H0(Ad(En)).
Since θin,n+1 also preserves the twisted A module structure, if n is even and x is a
nonzero element of H1(Ad(En+1)), then xSq
1
t 6= 0. In particular, since H1(Mn+1×
O(2))→ Hn(Mn×O(2)) is also always an isomorphism, we see that the two pro-ring
spectra {Ad(En)
−TMn} and {(Mn ×O(2))
−TMn} are not homotopy equivalent.
7. Homotopy Invariance
Proposition 23. [11] Let M1 and M2 be two smooth, oriented, connected, closed d-
dimensional manifolds with a smooth, orientation-preserving homotopy equivalence
f :M1 →M2. Then the ring spectra maps
f˜ : LM−TM11 → f
∗(LM2)
−TM1
and
θf : LM
−TM2
2 → f
∗(LM2)
−TM1
are both weak equivalences. Furthermore, Lf : LM1 → LM2 is a ring isomorphism
in homology.
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Proof. Notice that we have two morphisms of fiberwise monoids
(1)
ΩM1
f˜
−−−−→ ΩM2y y
LM1
f˜
−−−−→ f∗LM2y y
M1 M1
and
(2)
ΩM2 ΩM2y y
f∗LM2
f
−−−−→ LM2y y
M1
f
−−−−→ M2
where f˜ : γ 7→ (f ◦ γ, γ(0)). First consider f˜ : LM−TM11 → f
∗LM−TM12 . Applying
the Thom isomorphism u∗ in homology to both sides, we obtain the commutative
diagram
H∗(LM
−TM1
1 )
f˜∗
−−−−→ H∗(f
∗LM−TM12 )
u∗
y∼= ∼=yu∗
H∗+d(LM1)
f˜∗
−−−−→ H∗+d(f
∗LM2)
Both Lf : LM1 → LM2 and f : f
∗LM2 → LM2 are homotopy equivalences
since f is. Furthermore LF = f ◦ f˜ , so f˜ is also a homotopy equivalence. Hence
f˜∗ : H∗(LM
−TM1
1 )→ H∗(f
∗LM−TM12 ) is an isomorphism for each value of ∗, so f˜
is a weak equivalence of ring spectra.
Diagram (2) induces the map θf : LM
−TM2
2 → f
∗LM−TM12 , which is the com-
position
LM−TM22 ∧ S
id∧j
→ LM−TM22 ∧ S
N−TS
N
τ
→ f∗LM−TM12 .
First consider τ . Applying the cohomology Thom isomorphism u∗ on both sides
we have the commutative diagram
H∗(f∗LM−TM12 )
τ∗
−−−−→ H∗(LM−TM22 ∧ S
N−TS
N
)
u∗
x∼= ∼=xu∗
H∗+d+N(f∗LMν2 )
τ∗
−−−−→ H∗+d+N(LM2 × S
N ).
Here the bottom line is the Pontrjagin-Thom collapse map associated to f × e :
f∗LM2 →֒ LM2 × S
N , where e : M1 →֒ S
N , and N > d. Now we can compute τ∗
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via the commutative diagram
H∗(LM2 × S
N) H∗(LM2 × S
N )
∪t′
y yu∗◦(f×e)∗
H∗+N(LM2 × S
N , LM2 × S
N − (ev × id)−1(ν))
∼=
−−−−−→
excision
H∗+N (f∗LMν2 )
J
y yτ∗
H∗+N (LM2 × S
N) H∗+N(LM2 × S
N )
where t′ is the image of the Thom class under the excision isomorphism, ν is the
normal bundle of M1 in M2 × S
N , and J comes from the relative cohomology long
exact sequence. The left column is a morphism of H∗(LM2 × S
N ) modules, hence
is the cup product with J(1∪ t′) where 1 ∈ H0(LM2×S
N) (notice that even is M2
is not simply connected, and hence LM2 is not connected, there is still an element
1 ∈ H0(LM2×S
N) which is an identity for the cup product). To calculate J(1∪ t′)
consider the following commutative diagram:
H∗(LM2 × S
N )
u∗◦(f×e)∗
−−−−−−−→ H∗+N(f∗LMν2 )
τ∗
−−−−→ H∗+N (LM2 × S
N )
(ev×id)∗
x xev∗ x(ev×id)∗
H∗(M2 × S
N )
u∗◦(f×e)∗
−−−−−−−→ H∗+N(Mν1 )
τ∗
−−−−→ H∗+N (M2 × S
N ).
Now (ev × id)∗(1) = 1 so it’s enough to find the image of 1 ∈ H0(M2 × S
N ) under
the bottom row, i.e. (f × e)! ◦ (f × e)∗(1) = (f × e)!(1). By Poincare´ duality this
is the same as finding
(f × e)∗([M1]) ∈ Hd(M2 × S
N ) ∼= Hd(M2)⊗H0(S
N ) ∼= Z.
Since f = πM2 ◦ (f × e) is a homotopy equivalence, (f × e)∗([M1]) is a unit in
Hd(M2×S
N), so in particular (f×e)!◦(f×e)∗(1) = ±1⊗z ∈ H0(M2)⊗H
N (SN) ∼=
HN(M2×S
N), where z is a generator for HN (SN ). Hence by naturality of the cross
product,
J(1∪t′) = (ev×id)∗(f×e)!(1) = ±1⊗z ∈ H0(LM2)⊗H
N (SN ) ⊆ HN(LM2×S
N).
Hence we see that the composition
τ∗ ◦ u∗ ◦ (f × e)∗ : H∗(LM2 × S
N)→ H∗+N(LM2 × S
N )
carries H∗(LM2) ⊗H
0(SN ) isomorphically onto H∗(LM2) ⊗H
N (SN ) and is zero
on H∗−N(LM2) ⊗ H
N (SN). Furthermore since f : f∗LM2 → LM2 is a homo-
topy equivalence and e is nullhomotopic, (f × e)∗ carries H∗(LM2) ⊗ H
0(SN )
isomorphically onto H∗(f∗LM2). Thus τ
∗ carries H∗+N (f∗LMν2 ) isomorphically
onto H∗(LM2)⊗H
N(SN ).
We are now interested in the image of H∗+d(LM2)⊗H
N (SN ) under
H∗(LM−TM22 ∧ S
N−TS
N
)
(id∧j)∗
−−−−−→ H∗(LM−TM22 ∧ S)
u∗◦×
x ∼=xu∗◦×
H∗+d(LM2)⊗H
N (SN )
id⊗j′
−−−−→ H∗+d(LM2)⊗H
0(pt.)
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where the map j′ comes from the unit j of SN
−TSN
and the Thom isomorphism:
H∗(SN
−TSN
)
j∗
−−−−→ H∗(S)
∼=
x x∼=
H∗+N (SN )
j′
−−−−→ H∗(pt.).
Now j is Spanier-Whitehead dual to SN+ → S
0 and is an isomorphism in coho-
mology for ∗ = 0 and is identically zero for ∗ 6= 0. Hence j′ is an isomorphism from
HN(SN ) to H0(pt) and is obviously zero in all other degrees. In particular, id⊗ j′
is an isomorphism from H∗+d(LM2)⊗H
N (SN ) to H∗+d(LM2). Hence we see that
θf : LM
−TM2
2 → f
∗LM−TM12
is an isomorphism in cohomology, hence is a weak equivalence of ring spectra.
We now have weak equivalences
LM−TM11
f˜
→ f∗LM−TM12
and
LM−TM22
θf
→ f∗LM−TM12 .
Applying the Thom isomorphism on both sides, we obtain coalgebra isomorphisms
H∗(f∗LM2)
f˜∗
→ H∗(LM1)
and
H∗(f∗LM2)
θ∗f
→ H∗(LM2).
Now the computations above show that the composition
H∗(LM2)
π∗LM2→ H∗(LM2 × S
N )
(f×e)∗
→ H∗(f∗LM2)
θ∗f
→ H∗(LM2)
is the identity (since it is the cup product with 1). Since πLM2 ◦ (f × e) = f :
f∗LM2 → LM2, this shows that θ
∗
f ◦ f
∗ is a coalgebra isomorphism. Since θ∗f is
also, f∗ must be a coalgebra isomorphism. Finally, Lf = f ◦ f˜ : LM1 → LM2,
so (Lf)∗ is a coalgebra isomorphism in cohomology. It follows from the universal
coefficient theorem that f∗ ◦θf ∗ is the identity on H∗(LM2); hence f∗ and therefore
Lf∗ are ring isomorphisms.

8. Examples and applications
Mapping spaces
Proposition 24. [16]
Let M be a closed manifold and N a closed n-manifold. Then
a) map(Sn,M)−TM is an En-ring spectrum;
b) map(N,M)−TM is a module over map(Sn,M)−TM .
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Proof. We must show that map(Sn,M)→M is a fiberwise Cn-space, and
map(N,M) → M a module over it. Let us consider the action on fibers, that is
classical. A little n-cube in Cn(i) is an affine embedding
∐
i I
n → In of a union
of cubes into a cube. The one-point compactification Sn → ∨iS
n defines by pre-
composition the classical action Cn(i) × (Ω
nM)i → ΩnM on a based n-fold loop
space.
For the module action, take a closed n-disc D¯ embedded into N , with interior
D. We get a collapse map N → N/D¯ ∨ N/(N −D). If we compose by standard
identifications N/D¯ ∼= N and N/(N − D) = D¯/(D¯ − D) ∼= Sn, then we recover
the coaction N → N ∨ Sn associated to the cofibration sequence of the top cell
attaching map Sn−1 → Nn−1 → N . If we precompose by the coaction we obtain
the action ΩnM ×map∗(N,M)→ map∗(N,M). This gives a module structure of
map∗(N,M) over the Cn-algebra Ω
nM (up to coherent homotopies) in the strong
sense of [12]. The fiberwise structure is defined by precomposing with the coaction
map, as in the based case, except that the base point in M is now allowed to vary,
according to the fiber [16].

In [16] the string product is used to compute the homology of map(S2,CPn).
Moreover the module structure gives a periodicity result about the homology of
map(Σ,CPn) when Σ is a Riemann surface. The homology mod p depends only on
the residue mod p of the component degree in Z = π0(map(Σ,CP
n)).
Universal example:
Let Y be a topological monoid (or a Cn-space) with an action of a topological
group G preserving the sum, and G→ E →M a G-principal fibration over a closed
manifoldM . Then Y → Y ×GE →M is a fiberwise monoid (or a Cn-space) . This
will be useful in the next few examples.
The example is universal because any fiberwise monoid has this form with
G = ΩM the based loop space and E = PM the contractible path space. Up
to homotopy we can always replace ΩM by a topological group.
Rational curves
Let M denote a homogeneous complex projective manifold. Then M = G/P ,
where G is a complex semisimple Lie group and P a parabolic subgroup. Let
hol(G/P ) and hol∗(G/P ) be respectively the spaces of free and based holomorphic
maps from the Riemann sphere to G/P .
Proposition 25. [16] The Thom spectrum hol(M)−TM is an E2-ring spectrum.
Proof. It is sufficient to show that the bundle hol(G/P ) → G/P has a fiberwise
action of the little 2-cubes operad.
In [1] hol∗(G/P ) is identified to a suitable configuration space of particles in the
plane (or a disc) with labels. The little 2-cubes operad C2 acts on hol∗(G/P ) by its
standard action on the locations of the particles and keeping the labels unchanged.
In the updated version of [16] we explain that the operad action is U -equivariant,
with U ⊂ P and V ⊂ G suitable maximal compact subgroups such that U ⊂ V .
Then the space hol(G/P ) = V ×U hol∗(G/P ), according to the universal example,
has a fiberwise action of the little 2-cubes operad.

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In [16] the homology of hol(CPn) was computed using the string product.
Remark: There is no module structure in the holomorphic category as opposite
to the continuous: the space of holomorphic based maps hol∗(Σ, G/P ) from a
Riemann surface Σ to G/P is not a module over hol∗(G/P ).
Spaces of knots and embeddings
Proposition 26. Let K be the space of long knots in R3 and Emb(S1, S3) the space
of knots in S3. Then there is a map of E2-ring spectra Σ
∞−5Emb(S1, S3)+ →
Σ∞K+.
A long knot is an embedding f : R1 → R3 such that f(t) = (t, 0, 0) for |t| ≥ 1.
The operad action on the fiber K was discovered by Budney [2]. He constructs a
space EC(1, D2) homotopy equivalent to K × Z. This is the space of embeddings
f : R×D2 → R×D2 with support contained in I×D2, whereD
2 is the standard unit
2-disc. The operad action is then constructed by rescaling the embeddings in the R-
variable and composing them in a suitable order. The rescaling depends on the first
coordinate of the little 2-cubes, and the order depends on the second coordinate.
The group SO(2) acts on EC(1, D2) by conjugation, namely θ(f) = (idR × θ) ◦ f ◦
(idR×θ
−1). It is easy to see that the operad composition is SO(2)-equivariant with
respect to this action. This implies that SO(4)×SO(2) EC(1, D
2)→ SO(4)/SO(2)
has a fiberwise action of C2. Let EC0(1, D
2) be the component of the identity in
EC(1, D2).
The forgetful map EC0(1, D
2)→ K sending f to the long knot t 7→ f(t, 0, 0) is a
homotopy equivalence [2] but also a SO(2)-equivariant map. The SO(2) action on
K is induced by the standard action on the two last coordinates of R3. This gives a
homotopy equivalence SO(4)×SO(2) EC0(1, D
2) ≃ SO(4)×SO(2) K. There is also
a homotopy equivalence SO(4) ×SO(2) K ≃ Emb(S
1, S3) [3]. This gives a E2-ring
spectrum structure on Emb(S1, S3)−T (SO(4)/SO(2)), but SO(4)/SO(2) ∼= S3 × S2
has a trivial normal bundle. The map in the statement is induced by the inclusion
K → Emb(S1, S3) by Proposition 14.
Gauge groups
Let G be a compact Lie group. Let G(N) be the topological groupoid with
one object for any isomorphism class of G-principal bundles over N , and a mor-
phism for each G-equivariant map covering the identity of N . The classifying space
BG(N) is the union of the classifying spaces of all gauge groups of a bundle over
all isomorphism types of bundles.
Proposition 27. For any n there is a pro-En-ring spectrum BG(S
n)−TBG . For
any closed n-manifold N there is a pro-module spectrum BG(N)−TBG over
BG(Sn)−TBG.
The construction for n = 1 recovers the string topology of BG defined in Section
6. We recall first that there is a homotopy equivalence BG(N) ≃ map(N,BG)
[13]. We consider the fibration p : map(N,BG) → BG, a filtration by closed
submanifolds BG = colimm→∞(Mm), and define Xm(N) = p
−1(Mm). Then,
for any m, Xm(S
n) is a fiberwise monoid over Mm with fiber Ω
n(BG). Con-
sequently Xm(S
n)−TMm is a En-ring spectrum. Moreover Xm(N) is a fiberwise
26 KATE GRUHER AND PAOLO SALVATORE
module overMm with fiber map∗(N,BG), and thus Xm(N)
−TMm is a module over
Xm(S
n)−TMm . We conclude by defining as in Section 6 the pro-En-ring spectrum
BG(Sn)−TBG
· · · → Xm+1(S
n)−TMm+1 → Xm(S
n)−TMm → · · · → X1(S
n)−TM1
and its pro-module spectrum BG(N)−TBG
· · · → Xm+1(N)
−TMm+1 → Xm(N)
−TMm → · · · → X1(N)
−TM1 .
In [17] the homology operations will be used to determine the homology of
BG(S4) for G = SU(2). This technique shows that there is no periodicity pattern,
and the homology mod p of BGk(N), the component corresponding to bundles with
second Chern number k, gets more complicated as the p-exponent of k grows.
Maps from Riemann surfaces
Proposition 28. For any non-negative integer g let Fg be a Riemann surface of
genus g. Let M be a closed manifold. Then the wedge ∨g∈Nmap(Fg,M)
−TM is a
ring spectrum.
We show that the union
∐
g∈Nmap(Fg,M) is a fiberwise monoid over M .
For any genus g we have a cofibration sequence S1 → ∨2gS
1 → Fg. The first
map represents in the fundamental group π1(∨2gS
1), free on generators y1, . . . , y2g ,
the product of commutators [y1, y2] . . . [y2g−1, y2g].
We may suppose that ΩM is a group by taking for example the realization of
the Kan loop group on the singular simplicial set of M . Thus we can identify
map∗(Fg ,M) to the homotopy fiber of αg : ΩM
2g → ΩM , where αg(x1, . . . , x2g) =∏g
i=1[x2i−1, x2i].
Now the diagram
(ΩM)2g × (ΩM)2h (ΩM)2(g+h)yαg×αh yαg+h
ΩM × ΩM
m
−−−−→ ΩM
strictly commutes, where m is the loop sum. On homotopy fibers this induces
maps
µg,h : map∗(Fg,M)×map∗(Fh,M)→ map∗(Fg+h,M)
making the disjoint union
∐
gmap∗(Fg ,M) into a monoid. Now ΩM acts on itself
by conjugation. With respect to this action on each coordinate all maps in the
diagram above are ΩM -equivariant. Thus map∗(Fg,M) inherits an action of ΩM
and the multiplication maps µg,h are equivariant. As a consequence the union
over all g′s of the homotopy orbit spaces PM ×ΩM map∗(Fg,M) is a fiberwise
monoid over PM ×ΩM ∗ ≃ M . But the action of ΩM is the usual action moving
the base point around loops, and it is well known that with respect to this action
PM ×ΩM map∗(Fg ,M) ≃ map(Fg,M).
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